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Introduction 


This text, together with the first two sections of Part II, will cover most of the 
mathematical ideas and methods needed in this course for studying curves and sur¬ 
faces in three dimensions. Because of the concentration of methods here, unrelieved 
by any applications, you may find the work rather indigestible at first reading. We 
hope that a full appreciation of the significance of the ideas will develop as you 
apply them to curves and surfaces. This introduction is intended to give you some 
signposts to follow. 

The Introduction in O'Neill is brief, but important, as it introduces several of the 
notational conventions used in the course. It also gives a brief reminder of some 
ideas about functions from R to R. 

It might be as well to say here that in the course as a whole the word ‘function’, 
when used without further qualification, should be taken to mean a function from 
E 3 to R. That is, saying is a function’ indicates that 
/ : E 3 —. R. 

Before we can hope to describe curves and surfaces, we need a precise description 
of the ‘three-dimensional space’ where they will be located. You have already met 
the vector space R 3 as a mathematical version of the space in which we live—often 
referred to as (three-dimensional) Euclidean space. In Section 1, O’Neill refers to 
this space as E 3 . This change of name is not perversity: as will emerge, E 3 is 
actually rather more than R 3 . 

As mentioned in Part 0, in the historical note, we shall be using sets of axes (Dar- 
boux’ ‘moving frames’) attached to each point of the object (curve or surface) that 
we are studying. Actually, rather than axes, we shall place a set of basis vectors 

at each point. In order to formalize the notion of ‘vector placed at a point’ the These are the ‘based vectors’ 
concept of tangent vector is introduced in Section 2. Once we have the idea of a of MST204. 
vector placed at a particular point, we shall generalize to placing vectors at each 
point of E 3 according to some rule. This gives rise to the notion of vector field. 

Note: As in so much of mathematics, you have to be careful not to read too much 
into everyday words which are used in a new context. The ‘tangent’ in ‘tangent 
vector’ is a generalization of the usual meaning and does not necessarily imply that 
the vector is a tangent to a curve or surface in the usual sense of the word. In fact, 
when dealing with curves we shall have some tangent vectors which are tangents to 
the curve and some which are not. The new use of ‘tangent’ will seem strange at 
first, but you will become used to it with practice. 

The key feature of the ‘moving frames’ approach is the study of the rates of change 
of the basis vectors as we move around the object being studied. Thus, to make 
any progress, we shall need careful definitions of what we mean by rates of change, 
or derivatives, of vectors. We do not attempt to deal with vectors immediately; we 
start with rates of change of functions. Here we run into the first new idea. The 
problem is that, in E 3 , there are infinitely many ways to set off from a particular 
point. The rate of change of a function may well depend not only on where you are 
but also in which direction you set off. Actually, we introduce a further feature: 
we also permit the rate of change to depend on how fast you set off, as well as 
in which direction. This is not actually a complication as it permits us to specify 
the direction and speed of setting off by a vector. The direction is specified by 
the direction of the vector, and the speed by the size of the vector. Taking all 
these factors into account leads to the concept of a directional derivative. Section 3 
defines directional derivatives and proves that they have the linearity and Leibniz 
(product rule) properties that all our derivatives will have. 

Section 4 introduces a formal definition of what is meant in the course by a curve. 

The definition is not quite what you might have expected; curves turn out to be 
functions rather than distorted lines in space. 

In Section 5 we return to the theme of directional derivatives of functions. As we 
indicated above, the derivative of a function can be expected to depend on where we 











2 Tangent vectors 


Read O'Neill: Chapter I, Section 2 , pages 6-10. 


Tangent vector The reason for the apparently curious choice of name for this 
will also be tangents (in the 

to realize that a tangent vector may not be (geometrically) a tangent to anything 
it ™ U8 t d 1 ™ t P h ° rtant thmg “ to visualize vpasa vector parallel to v, but with 


We shall be studying geometric objects from the point of view of someone living on 
the object with a personal set of axes. The concept of a tangent vector is exactly 
what we shall need to define axes at a particular point. 


We shall make another use of tangent vectors. A tangent vector v p defines a line 
through p pointing in the direction of v by the equation 





Tangent space This definition formalizes the idea of, 





whatever the coordinates of p happen to be. Thus we would have to explain how 
to calculate the components of v from the coordinates of p. That is, we have to 
specify the functions that O’Neill calls Vi, V2 and V3. 

The identity 

V = v\Ui + V2U2 + V3U3 

explains the importance of the natural frame field: it forms a basis for vector fields 
on E 3 . 

If you regard a vector field V as a way of persuading E 3 to grow a (straight) hair 
at each point, then requiring V to be differentiable is to demand that the direction 
and size of the hairs varies smoothly as you move from point to point of E 3 . 
Finally, a comment on R 3 versus E 3 . We would regard R 3 as a three-dimensional, 
real vector space and E 3 as that vector space, together with all its tangent vectors. 

Exercise 2.1 O’Neill , page 10, Exercise 1 (part (a) only). 

Exercise 2.2 O’Neill , page 10, Exercise 2. 

Exercise 2.3 O’Neill , page 10, Exercise 3. Your answers should be expressed in 
terms of x, y, z t Ui, U2 and U3. 

Exercise 2.4 O’Neill , page 11, Exercise 5. 

Note: This exercise shows that the natural frame field is not the only possible 
basis for vector fields on E 3 . The phrase Euclidean coordinate functions was used 
earlier for the to indicate that they were the coordinate functions corresponding 
to using the natural frame field as a basis. 

[Solutions on page 27 ] 


3 Directional derivatives 


Read O'Neill: Chapter I, Section 3, pages 11-14. 


This section marks the start of the process of defining rates of change of objects 
(functions, tangent vectors etc.) as we move around in E 3 . 

Directional derivatives There is a fundamental problem that arises in general¬ 
izing the idea of derivative from one dimension to several (here three) dimensions. 
When we want to find the rate of change of a function 
/ : R—* R 

at a point a £ R, we look at the values of / at points ‘near’ a. A point in R near 
a can be written a + h, where h is either positive or negative. The derivative of / 
at a is found by calculating the limit of 

as h tends to zero (provided that the limit exists). 

Suppose now that we want the ‘derivative’ of a function 
/ ; E 3 —> R. 

A point ‘near’ p will be of the form p + v, where v is a vector. The number h in the 
one-dimensional case has been replaced by the vector v. Since division by vectors 
is not defined, we cannot simply translate the limit definition above into the new 




(unit) speed. 

Note that the right-hand side c 
v p[/]» + /Vp[j]. 


To see why not, consider what 

v P [fa] 

is. The directional derivative 
vector is a real number. Howe^ 

v P [/]s + /v P [sr] 

is the sum of two terms, each < 
Thus 

Vp[/]j + /Vp[sr] 
is a function, not a real numb' 
each term at p gives 

Vp[/]j(p) + /(p)vp[9] 














inter functions which are defined only on a curve or surface and not on the 
e of E 3 . In such cases we cannot use the definition to find directional derivatives 
lse, given v p , the function in question may not be defined along the whole of 
traight line p + iv. In such cases we use Lemma 4.6. If we can find a curve <*, 

°(0) = P, « / (0) = v p , 

, for a function /, we have 

Vp[/] = (/(«(<)))’(<>). 

'phrasing the result of Lemma 4.6: in the definition of directional derivative, 
straight line p + tx can be replaced by any curve a through p with velocity v p 





ample 5.3(2) A new idea is inserted here without explicit mention, 
arms act on tangent vectors (and produce real numbers), but we can fo 
rites of 1-forms with vector fields. The case which is used in this example 
etc. with the natural frame field Ui , etc. 
len we write dx(U x ), we mean the composite function 

P 1 —* ^i(p) 1 —► <MJ4(p)3» 

ce Ui(p) = (1,0,0) p and dx extracts the first component of a tangen 

<MeMp)) = i. 

lilar calculations show that 

MVl(p)) = 1, dx(U 2 (p)) = 0, dx(U 3 (p)) = 0, 

<WMp)) = 0, dy(U 2 (p)) = l ) dy(U 3 ( p)) = 0, 

dz(U 1 (p)) = 0, dx(U 2 ( p))=0, dz(U 3 (p)) = 1. 

ese nine results can be summed up in ‘functional' form as 
dxi(Uj) = &ij. 

s Kronecker delta, 6*j, is a standard symbol and will be used a number 
ihis course. 


n evaluating 1-forms on vector fields becomes quite routine, 
ample Suppose that the vector field V and the 1-form <j> are defined 1 
V = X 2 U\ —zU 2 + yU 3 and <j> = ydx + xdy— zdz. 

<KV) = (ydx +xdy- zdz)(x 2 U\ - *U 2 + yU 3 ) 

- ydx(x 2 U l - zU 2 + yU 3 ) + x dy(x 2 U x - zU 2 + yU 3 ) 

— zdz(x 2 Ui — zU 2 + yU 3 ) (linearity) 

= y(a: 2 ) dx(V x ) + y(-z) dx(U 2 ) + y(y) dx(U 3 ) + x(x 2 ) dy(U x ) 
+ x(-z ) dy(U 2 ) + x(y) dy(U 3 ) - Z (z 2 ) <fe(lf,) - z(-z) dz(, 
-z(y)dz(U 3 ) (linearity) 




Having found that dx, dy and dz provide examples of 1-forms, O’Neill goes on to 
show that these three are all the 1-forms that you need (at least for E 3 ). Lemma 5.4 
shows that any 1-form can be expressed in terms of these ‘basic’ 1-forms. 
Warning: Although differentials of functions provided the motivation for intro¬ 
ducing 1-forms and will also provide many of the examples of 1-forms, it is quite 
easy to write down a 1-form which is not the differential of a function on E 3 . For 
example, the 1-form 

dx + xdy + x 1 2 dz 

cannot be df for any /. To see why not, spend a few minutes trying to find / such 

«/ = i £/ 2 

dx ' dy ’ dz X ’ 


Calculating differentials The remark after Lemma 5.7 is useful. Using 
,, df df df , 
df= Tx dx + di dy+ Tz dz 

is not usually the quickest way of finding df, as the example illustrates. 

Also illustrated by the example is the fact that, now differentials are available, it 
easier to find a directional derivative 


v P [/] 

by finding df and then using 
v P [/] = d/(v p ). 


Exercise 5.1 O’Neill, page 25, Exercise 1. 

Exercise 5.2 O’Neill, page 25, Exercise 3. 

Exercise 5.3 O’Neill, page 26, Exercise 4. 

Exercise 5.4 O’Neill, page 26, Exercise 5 (first part only). 
Exercise 5.5 O’Neill, page 26, Exercise 7. 

[Solutions on page 32) 


6 Differential forms 


Read O’Neill: Chapter I, Section 6, pages 26-31. 


1 O’Neill, page 31, Exercise 6, last line: 

2 O’Neill, page 29, line 8: 

for d<j> = d(xy)dx + d(x 2 )dz. read d<f> = d(xy) A dx + d(x 2 ) A dz. 
O’Neill is following his convention of omitting the wedge when one term is dx, dy 

3 O’Neill, page 29, 4 lines from the bottom: 

for dip read d<f>. g 
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Exercise 6.5 O’Neill , page 31, Exercise 7. {Hint: Use the fact that any 1-form <f> 
can be written as 

Ylfi dx i 

for suitable functions 

Exercise 6.6 0 ’Neill , page 32, Exercise 9. 

[So/aft'ons on page 33 ] 


7 Mappings 


Read O’Neill: Chapter I, Section 7, pages 32-39. 


1 O’Neill, page 36, second line after the proof of Theorem 7.5: 

for F,(v), read F.(v), 
that is, the vector v should be in bold type. 

2 O’Neill, page 37, proof of Corollary 7.7: 

for ‘in Corollary 7.6’ read ‘in Theorem 7.5’. ■ 

Mapping In this section, O’Neill generalizes the idea of a function 
/ : E 3 —► R 
to that of a function 

F : E" —* E m , 

and if F is differentiable (in the sense defined on page 33) then such functions are 
called mappings. Thus, both real-valued functions on E 3 and curves are special 
cases of mappings. 

We shall use mappings for two purposes in this course. First, we shall use a special 
type of mapping (isometries) in our work on curves. Secondly, a mapping between 
a ‘simple’ surface, such as a sphere, and a more complicated one will help in the 
study of the shape of the more complicated surface. For this second purpose, we 
shall need fo know how a mapping ‘distorts’ geometric objects (such as curves) in 
its domain. 

Definition 7.1 This tells you how to specify a mapping: you give the coordinate 
functions. 

If you inspect the paragraph following the definition carefully, you will see that 
the ‘pointwise’ and ‘coordinate function’ forms for specifying a mapping are very 
little different; the function form is more concise. You should find little difficulty 
in switching from one form to the other. What this paragraph does re-emphasize 
is that x,y and z are functions, whereas pi,p 2 and p 3 are real numbers. 

The final paragraph before Definition 7.2 makes an important point. It is not easy 
to decide at a glance what effect a mapping has on its domain. Just as functions 
from R to R can be investigated by using derivatives, so we shall use ‘derivatives’ 
of mappings to help in understanding them. To begin with, however, we'look at 
what a mapping does to the route of a curve. 
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Example 7.3(1) In matrix form, wi 
and codomain, F can be written 



Example 7.3(2) There is no reason 
considering the image of the circle a. 
the mapping does. 

Definition 7.4 This is the definition < 
If we write out explicitly the calculati 
f.(v P )=(F(p + <v))'(0) np) 
In this form, it is easier to see the famil 
derivative of a function on E 3 . Indeed 
a special case of derivative maps. 

It is worth emphasizing that 

F tells you what happens to < 
F, tells you what happens to 
by mapping it to a tangent v< 
A very simple example might help t 
information about the distorting prop 

Example Consider the mapping 
F : E 2 —> E 2 , 

F = (* + ».»), 

and the tangent vectors 
vp = (l,0) p , 

w p = (0,l)p. 

Working from the definition, 

f.(v P ) = (F(p + t(l,0)))'(0) 
= (f(Pi+*.W))'(0) 

= (Pi + t +P2,P2)'(0) 

= (1,0)(0) 

= (1,0) atf(p), 


F.(w p ) = (F(p + <(0,l)))'(0) 



Theorem 7.5 This result makes the connection between derivative maps and 
directional derivatives quite explicit. Paraphrasing: to find the value of the deriva¬ 
tive map on v p , directionally differentiate the coordinate functions with respect 
to v p . (This paraphrase leaves out the point of application, but is a useful aid to 
memory nevertheless.) 

The link with directional derivatives is the basis for a straightforward method of 
calculating derivative maps. The method for calculating directional derivatives in 
Lemma 3.2, 

Vp [/] = (P) »1 + |^(P) ”2 + ^j(p) t>3, 

can be written as a matrix product 



df V V), , f Vl ) 

dx dy dr j (p) ' 


Translating the result of Theorem 7.5 into matrix form, representing tangent vectors 
by column matrices with respect to the standard bases, leads directly to the idea 
of Jacobian Matrix discussed on page 37. For example, if 

F = (fuh,h) 


is a mapping from E 3 to E 3 , then the image of a tangent vector v p under F, can 


at f (p). 

It is usual to shorten 

/fir) fw t(r) 


dy 

dh,. dh. . 

a7 (p) 9 ^ (P) 


dh 


Strictly, the Jacobian matrix 


(dh dh 

dx dy 

dh dh 

dx dy 

dh dh 

V dx dy 




dh 

dz 

dh 

dz / 


(p)- 


(dh dh dh\ 

dx dy dz 

dh dh dh 

dx dy dz 

dh dh dh 

V dx dy dz / 


represents F, only with respect to the standard bases in domain and codomain. 





ite mappings An important result is hidden by 0 ’Neill in two e 
tions (with comments) follow immediately. 

HU, page 40, Exercises 7 and 12(b) now. 


H F (Pl,P2)) = G(/l(Pl,P2),/2(fl,P2)) 

= (Si (/i (Pi, Pa), hivi , P2)), g2i.f1 (Pi. P2), hifi , P2))). 







8 Summary 


Read O’Neill: Chapter I, Section 8, page 41. 


The first chapter of O’Neill has not provided all the tools needed for our study of 
curves. We shall need a little more discussion of frame fields and some work on 
reparametrization. The first two sections of Part II will provide what is necessary. 
There is one ‘spin-off’ from the work on derivative maps that we have done. We 
can provide a general version of the chain rule. Suppose that we extend the work 
done on Exercise 7, page 40 of O’Neill. 

We have mappings 


F = (h,h), G=(g u g 2 ) 
from E to E. The corresponding Jacobians ai 

(dh dh\ 

dx dy 

dh dh 

. dx dy . ,_ , 

The composite mapping GoF has Jacobian 

/ Sgi(fuh) dgi(fuh) \ 

a* ay 

dtiUuh) dg 2 (h,h) ' 

\ dx dy ) 

Writing out the composite rule for derived maps gives 


dgi(h,h) d gi (h,h) 


dgt dgi 
dx dy 
dg 2 dg 2 


dh dh 

dx dy 

dh dh 


I dg 2 (h,h) dg 2 (h,h) 

V dx dy 

Taking the top left element of both sides gi 

foit/i./z) _ Ogi ( c)^A + dg 1( df 2 
dx - dx + ~dy {fuh) ^- 

There are three other, similar results. 

A similar approach for a function of three variables would give 

dgi(fuh,h) = as, ( dh , Ssi dh ,d 9l dj 

dx dx Ul,/2 ’ h) dx + dy + -fcU 1 ’ f *>h) J. 

You might like to show that the composite rule for derived maps reduces to the 
ordinary chain rule in the case of mappings (functions) from R to R. (Hint: A 
1 x 1 Jacobian matrix is just like a function.) 


Solutions to the exercises 


= *j,(2y + a:)sin 
c) Note that, by definition, 

3 2 (fg) a d(fs) 

dydz 8y dz ■ 

Ve differentiate first with respe 
o y. Although it is perfectly ea 
hat, we shall indicate how to u 

d(fg) af dg 


tin (/) ... d(sin (/)) 3/ 
dy if dy 

= cos (/) 2 2 
= * 2 cos^y). 


— (* 2 y)(l, 1,1) — (y 2 a)(l, 1,1) (pp for subtraction) 

= (z 2 )(l, 1, l)y(l, 1,1) - (y*)(l, 1, l)a(l, 1,1) 

(pp for multiplication) 
= 2(1, 1, 1)2(1, 1, l)st(l, 1,1 ) - »( 1 , 1, l)y(l, 1, 1)2(1, 1, 1 
(pp for multiplication) 



















= d (^) dxdy 
— dy+^ dz^j dx dy 
= — dy dx dy + - dz dx dy 


= - I- dxdydz) 


d(fdg) = dfAdg + fd(dg) (Theoi 
= dfAdg + 0 
= dfAdg. 


In this solution we apply the various parts of 
Theorem 6.4 together with linearity and the altern 
rule. The result from the last solution is also usefi 

(a) We obtain 

d(fdg + gdf)= df A dg + fd(dg) + dg A df + g 
— df A dg + Q + dg Adf +0 
= dfhdg + dgAdf 


d<t>Aip=d\^-dx)Azdy 

= 0 because dy is repeated. 

Finally, 

—<j> A dijj = ~ydx A d(z dy) 

— — - dx A dz dy 
= — — dx dz dy 

Comparing these results, we see that 
d(<f> A if>) = d<f> A t/f - 0 A d'tfr 



Note: If you happen to recognize that 
fdg + gdf = d(fg), 

then the result can be obtained quickly: 
d(fdg + gdf) = d(d(fg)) = 0. 

(b) In this case, we have 
d((f-g)(df+dg)) 

= d(f - g) A (df + dg) + (/ - g)d(df + dg) 

= (df - dg) A (df + dg) + (f- g)(d(df) + d(dg)) 

= df Adf + df Adg - dg Adf - dg Adg + (f - g)(0 + 0) 
= df A dg + df A dg 
= 2 df A dg. 

(c) Here we apply Theorem 6.4(3), then Theorem 6.4(2): 
d(f dg A g df) = d(f dg) A (g df) - (f dg) A d(g df) 

= (df A dg + f d(dg)) A (g df) - ((/ dg) A (dg Adf + g d( 
= (df A dg + 0) A (gdf) - (f dg) A (dg Adf + 0) 

(Each term has a repeated differential.) 

(d) Here we have 
d(gfdf) + d(fdg) 




Solution 6.5 




^(p + <v) = F(pi + +(tl 2 ,Jl3 + tv 3 ) 

= ((pi +t»l) - (p 2 + tVs), (?1 + <Vi) + (p 2 + tVa), 2(p3 + tv,)) 
= ((Pi - P2) + <(!>1 - Vs), (pi +Ps) + t(v 1 + P2), 2p3 + 2 llA 
(F(p+ (v))' = (til - 1 ) 2 , Vi + 2>2,2 i> 3 ), 

(F(p + iv))’(0) =(»! -»2,»1 +»2,2«> 3 ), 

^ (P) = (PI - P2.Pl +P2,2p 3 ). 



F(ap + 6q) = F(ap 1 + Jgi,ap2 + 6g 2 , op 3 + 4j3) 

= ((api + 6ffi) — (op2 +6}2),(api +6?i) + (ap2 + bqs), 

2(op 3 + bq 3 )) 

= (a(pi - P2) + b(qi - qs), a(p 1 + p 2 ) + b(q! + q 3 ), a2p 3 + b2q 3 ) 
= “(Pi -P2,Pi +P2,2p 3 ) + 6(g, -qs,qi + qs,2q 3 ) 

= aF(p) + bF(q). 

(c) We apply the definition of G, and the information 


G.(v p ) = (G(p + tv))'(0) G(p) 

= (G{p) + iG(v))'(0) G(p) (linearity) 

= (0 + G(v))(0)o( p ) (differentiating w.r.t. () 







